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Abstract

The creation of recirculation bubbles in a steady, viscous flow in a cylindrical cavity with co-rotating top and bottom is
investigated numerically. By varying the Reynolds number and the aspect ratio of the cylinder various axial-symmetric flow
regimes are studied. It is observed that the topology of re-circulating vortex structures is associated with a change in helical
symmetry of the vortex lines. The computations show that symmetry changes take place at increasing Reynolds numbers and
that flow reversal on the center axis is associated with a growth of the twist parameter of the vortex lines. For all studied flow
cases, independent of aspect ratio and Reynolds number, it was observed that the twist parameter of the central vortex attains a
threshold value oK = 0.6 at the point where flow reversal takes place.
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List of notations

height of a cylinder (m)

27l pitch of vortex lines (m)
H
R radius of a cylinder (m)

Re Reynolds number
(r,0,z) cylindrical coordinate system (m, rad, m)
p dimensionless local helical pitch of vortex lines

(ur,ug,uz) velocity components (ifs)
Greek letters

K =1/p dimensionless local twist parameter of vortex lines

2 angular velocities (4s)
v kinematics viscosity of a fluid (Ays)
wr radial component of a vorticity (k)
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wp azimuthal component of a vorticity (&)
w; axial component of a vorticity ()
v stream function (rf/s)

1. Introduction

Swirling flows may under certain conditions be subject taspbchanges associated with flow reversal. This phenomenon,
usually referred to as vortex breakdown, is characterized by a change in flow topology where the flow develops a characteristic
structure of bubble, spiral or double-helix shape, and a change in the distribution of axial velocity, from a jet-like profile before
breakdown to a wake-like profile after breakdown (see [1A&]jeature of vortex breakdown, discovered and analyzed by
Okulov and co-workers [3-5], is the existence of a transition framglat-handed to a left-handectlical vortex structure, that
both exist under the same integral flow parameters (i.e. under the same flow rate, circulation, angular and axial momentum and
energy). Comparing this theory with a large number of experiments has revealed that vortex breakdown always is associated
with a change in helical symmetry from a right-handed vortex structure to a left-handed one. The difference between vortex
structures with right- and left-handed helical symmetry implies different signs of torsion or local helical pitch of the vortex
lines. The right-handed helical structures induce a jet-like profile of axial velocity and the left-handed helical structures induce
a wake-like one, which may be subject to flow reversal on the axis [3,6]. This theory, however, only connects the basic flow
features before and after breakdown, whereas it does not explain how the change in helical symmetry takes place. The main
objective of the present study is to analyze in detail how the change in helical symmetry of the vortex lines takes place in a well-
defined paraxial flow with vortex breakdown. Unfortunately there is no direct way of predicting vorticity fields experimentally.
Consequently, in the present work direct numerical simulations were used to establish the necessary data. To simplify the
numerical task, in particular with respect to inflow and owtflsoundary conditions, eelatively simple flow configuration was
established in which a swirling flow wasgerated by letting the end-walls of a cldsgylinder rotate with constant angular
velocity.

Swirl flows in a closed cylinder of the basic configuration with one fixed and one rotating cover have been widely studied.
The various flow regimes observed in this system are chaizetieby the appearance of recirculation zones referred to as
bubbles, with weak reverse axial flow along the axis. This unique flow phenomenon was first observed experimentally [7-10]
and computational results [11-14] have later confirmed most of the experimentally observed findings. Numerical axisymmetric
simulations not only predict correctly the onset of reverse flow but also reproduce the location, the size, and the number of
bubbles visualized in experiments.

A fundamental aspect of this flow is the question of how the basic state (steady and axisymmetric) breaks the symmetry and
becomes unsteady and/or three-dimensional. This problem has in numerous studies been considered by both two- and three-
dimensional analyses (see e.g. [15-21]). An important results of these analyses is that the creation of recirculation bubbles in a
system with one rotating disk is not assateid with an instability, but takes placeasmooth topological @nge of the steady
flow [14,18]. For this reason, in order to understand the basic mechanisms underlying vortex breakdown, the present study only
deals with steady and axisymmetric flow cases.

In an earlier numerical study by one of the authors [22], the basic cavity with one rotating cover was used to verify that the
vortex lines past a re-circulating bubble change helicity from a right- to a left-handed helical vortex structure. In this case the
structures of the analyzed vortex tubes were very complex and deformed, hence it was not the most suitable object for studying
the relation between changes in helical symmetry and vortex breakdown. In contrast to this, using a cavity flow with two co-
rotating covers, as in the present work, gives a very clear evidence that the appearance of re-circulating bubbles are directly
linked to a change in the helical structure of the vortex lines. Note that the fluid motion in a cylinder where swirl is generated
by rotating both end-covers (Fig. 1) already has proved to be useful for the study of re-circulating bubbles in swirl flows
[23-26]. A full-scale topological classification of different flow patterns by Brans et al. [27] was devoted to the case of a flow
with rotating bottom ana free surface. In the case of a flat, i.e. streses;fsurface this corresponds to a symmetric case with a
cylinder of double height where the swirl is generated by rotating both the bottom and the top lid with the same angular velocity.
The topological apparatus, developed for axisymmetric swirl flow by Brgns [28], was used systematically to extract features of
the flow patterns obtained from numerical simulations to construct the bifurcation diagram for the different flow topologies. The
richness of the problem is best illustrategthe fact that sixteen diffent topologies appeed at different regime parameters
of the flow. In spite of the topological complexity, and since the basic change in flow topology from a flow without bubbles to
a flow with a re-circulating bubble cannot bgplained as an instabilitthe basic mechanisms ofelearly transition still need
to be clarified. For this reason we restrict the analysis to a configuration in which swirl is generated by rotating the top and the
bottom lid with the same rotational speed, with parameters set to values corresponding to the axisymmetric regime where the
first re-circulating bubble appears.
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Fig. 1. Sketch of the flow domain.

2. Formulation of the problem

Consider a viscous, incompressible, axisymmetric flow in a cylinder of heigharad radiusk (Fig. 1). The bottom and top
covers rotate with comant angular velocities21, 22, respectively. Three dimensionless humbers characterizing the problem
are the Reynolds numbeRe = 21 R2/v, wherev is the kinematic viscosity of the fluid; the aspect raficz H/R, and the
ratio of angular velocitiesy = £25/£21.

The flow is described using cylindrical coordinates( z) with corresponding velocity = (u,, ug, u;) and vorticityw =
(wr, wg, wz) that only depend on andz. We introduce az-plane analogous of the stream functign,and a local circulation,
rugy, as follows:

oy oy
= —, = —— l
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Hence, the velocity and vorticity fields can be described by the scalar fungteomd the azimuthal components of veloaity
and vorticitywy . Formulated in these variables [11] the system is governed by the two transport equations
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and the Poisson equation
92 92 9
Y W Y rag. (5)
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The equations are put into non-dimensional form by scaling length and timeRveéitid 21, respectively. The advantage of this
formulation, as compared to the one of primitive variables, is that the pressure is eliminated and that the continuity equation
is automatically satisfied. Boundaconditions are established from the no-slgsamption of the velocity. For the numerical
simulation we use the finite difference code developed at LIMSI/CNRS [11,12]. The transport equations (3) or (4) are discretized
by a second-order central difference scheme and the Poisson equation (5) is discretized to fourth-order accuracy using three-
point expressions for the derivatives. Previous comparisons of numerical results and experiments for the configuration with a
fixed cover { = 0) showed that simulations with a grid size of 10A00: mesh points fo: > 1 and 100/ x 100 mesh



140 V.L. Okulov et al. / European Journal of Mechanics B/Fluids 24 (2005) 137-148

b
|

J
) (@&

I

|
| } \
| 1!.

|
Fig. 2. Features of flow in meridnal intersection for cylinder witth = 1 and counter-rotation top and bottomRe = 2000. (a) Profile of
azimuthal velocity; (b) Contours of vortex surface; (c) Profile of axial velocity; (d) Contours of stream surface.

(@ (b) (c) (d)

Fig. 3. Features of flow in meridnal intersection for cylinder with = 1 and co-rotating top and bottom & = 2000. (a) Profile of azimuthal
velocity; (b) Contours of vortex surface; (c) Profile of axial velocity; (d) Contours of stream surface.

points fork < 1 correctly predict the onset of the reverse flow within experimental accuracy. For further information about the
computing code and the implementation of boundary conditions, see Refs. [11,12,26].

In the present study we have investigated the particular case where the end covers either co- or counter-rotate with identi-
cal and constant angular velocity & +1). Characteristic properties of counter-rotation are shown in Figs. 2(a)—2(d), while
characteristics of co-ratian are depicted in Figs. 3(a)—3(d). At counter-tita, the axial and azimutt velocities are equal
to zero at the middle plane (see Figs. 2(a) and 2(c)). The pumping in this case leads to the formation of a purely progressive
motion along the cylindrical axis towards the disks (Fig. 2(¢)JFig. 2(d), contours of the streasurfaces are in the meridional
intersection seen as two mirror images, consisting of closed and deformed tori. In Figs. 2 and 3, the intensity levels of stream
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Fig. 4. Contours of vortex surface in meridionatérsection, structure of vortex lines on cahtrortex tube, and axial velocity profile induced
by central vortex system in a cylinder with= 1 and co-rotating top at bottom at (8¢ = 150 and (b)Re= 1300.

surfaces and circulation (referred to as vortex tubes or vortex surfaces) in the meridional intersection are non-uniformly spaced,
with different numbers of the levels determined by

consf =min(B) + [max(B) — min(B)] x (i/n)3,

whereB is yr or rug. Profiles of the vortex-surfaces are two mirrored sets from deformed semitori, which encloses each other
and break into disks (Fig. 2(b)). Such a semi-torus of the vortex tube is similar to a vortex semi-ring resting on a disk surface.
Please note that the vortex rings only can induce a purely progressive motion along the axis toward the disks, whereas they are
not capable of generating re-circulating bubbles.

In the case of co-rotating disks, anothewflpicture is obdined (see Figs. 3(a)-3(d)). Hehe azimuthal velocities are non-
zero in the middle cross-section, and the fluid co-rotates in the upper and the lower half part of the cylinder (Fig. 3(a)). Contours
of the stream-surfaces in the meridional intersection (Fig. 3(d)) show the appearance of symmetrical bubbles, i.e. recirculation
zones with weak reverse flow along the cylindrical axis (Fig. 3(c)). In this case the vorticity distribution is easy to describe (see
Fig. 3(b)). Paraxial vortex tubes akin to enclosed cylinders pass through the whole flow domain in the central part of the flow
and structures of semi-torus shape are located near the cylindrical wall. Pronounced longitudinal vortex structures appear near
the flow axis. In the following we analyze the influence from the torsion of these longitudinal vortices on the bubble generation.
The iso-curves ofy andrug, computed from Egs. (1)—(5), are defined as thers#ction of the axisymmetric stream surfaces
and vortex surfaces, respectively, with any meridional plane. Even though the surfaces are axisymmetric, the streamlines and
vortex lines are three-dimensional. Thisligstrated in Fig. 4 tat shows that even when the longlinal vortex tubes are pure
axisymmetric they consist of real three-dimensional helical-like vortex lines with non-zero torsion or local helical pitch.

3. Right- and left-handed symmetry of thevortex lines

To determine the induced axial flow in swirl flows the three-dimensional structure of the vortex lines is of fundamental
importance. The difference between vortex lines with right- and left-handed helical symmetry is of special interest as the sign
of local torsion or helical pitch determines the sign of the induced axial velocity (positive pitch defines a right-handed helical
vortex structure and negative pitch a left-handed one). Recegtess in the study of the vortex structures has revealed that
there exists a direct relation between the type of vortex symmetry and the appearance of swirl flow with jet-like or wake-like
velocity profiles [3—6]. To illugtate this, consider the change in the velocity peaduring vortex breakdown of an axial slender
vortex in a swirl tube. The experimental velocity profiles before and after breakdown are usually analyzed using the empirical
relations [1,2],
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Fig. 5. Sketch of the structure of vortex linesslender vortices before and after breakdawrswirl tube flows, and axial velocity profiles —
uing induced by both vortex systems with profilef additional transversal fluid motiorug.

ug (1— exp(—arz)),
uz = Wi+ Waexp(—ar?) = Wy + Wp — W (1 — exp(—ar?)),

whereK, Wy, Wo, o are empirical constants. The relations (6) correspond to the analytical solution of the Euler equations,

r r
=5 [tmew—r?/A]u=uo— o[- ep—r?ed)], ™

for a velocity field induced by a columnar helical vortex consisting of three-dimensional helical vortex lines of constant pitch
2r1. The corresponding vorticity distribution in the vortex core is given as

w: = wpl/r = Fexp(—r2/e2) /w2 and w, =0, (8)

K
T (6)

up

wheree is the length scale of the vortex core and the radial vorticity component is zero because of the cylindrical form of the
vortex surface. Comparing the exact solution (7) with the empirical formulae (6) yields,

F=2nK, I=K/Wy, ug=Wi+Wy, s&=1/Ja. (©)]

These formulas give the physical interpretation of the empirical constants and show that a change from a jet-like to a wake-like
axial velocity profile is associated with a change in the sigigfand hereby with a change in the sign of the helical pitch.

Fig. 5 illustrates how the vortex lines in the columnar vortices before and after breakdown are associated with a change in helical
pitch, from a right-handed structure to a left-handed one. Further it shows that the corresponding axial velocity profiles consist

of a constant axial velocityg, superposed by a jet-like or a wake-like velocity profilg. Upstream the breakdown zone the

positive helical pitch induces a jet-like profile and downstream a wake-like profile is induced. This is further confirmed by the
studies of Okulov and co-workers [3-5], who demonstrated that both left-handed and right-handed vortex structures may exist
under the same integral flow parameters and that there is a good agreement between measurements and analytical results using
the concept of helical symmetry. This implies that vortex breakdown of longitudinal vortices may be considered as a transition
between different types of helical vortex symmetry.

The theory developed in [3-5], however, only describes the features of the flow before and after vortex breakdown, and it
does not show how the helical symmetry of the vorticity field changes during breakdown, when changing the governing model
parameters, and how it relates to the generation of re-circulating bubbles. Obviously, the helical pitch changes continuously
when changing the model parameters. Thus, a positive value of the helical pitch before breakdown will continuously be trans-
formed into a negative value after breakdown. As a measure of the transitional properties of the vortex lines during vortex
breakdown, we introduce the dimensionless local helical pitch, defined in each point along the vortex tube,
T

l
p=2r-=2n (10)
r

K

wherer is the local radius of the vortex tube ahds the local pitch of the vortex line, with local values of curvature-
r/(r2 +12) and torsionr = /(2 + 12).

In the present case of a cylindrical cavity with co-rotating lids a pronounced longitudinal vortex structure is formed along
the axis, hence making it an ideal case fadsting transitional properties of parakiartices. Because the rotational speed of
the two lids is identical the middle plane £ 0) forms a symmetry boundary between the two half-planes. For this reason only
the upper half part of the cylinder will be considered in thibofeing. To understand how the concept of transition of helical
symmetry works, assume that the disk rotates in the positive direction of the azimuthal coordinate. Then, if a right-handed
helical vortex is created, a jet-like profile induces an additional velocity component along the cylindrical axis that pumps fluid
towards the rotating disk (see Fig. 4(a)). Changing the helical symmetry to a left-handed helical vortex (Fig. 4(b)) induces an
additional wake-like profile that tends to diminish the axial velocity component, leading to evanescence of the fluid motion at
the cylindrical axis and to the appearance of reversal flows.

Because of the symmetry the local helical pitch becomes infinity at the symmetry plane)( To avoid this, instead of
the helical pitch we employ the dimensionless twist of the vortex lings,= r/1, as main parameter for studying the helical
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properties during vortex breakdown. This parameter is inversely proportional to the pitch and becomes zero at the symmetry
plane. In the case of a pure cylindrical vortex surface the parameter has a simple geometrical interpretation as the tangent of the
angle of inclination8, between the vorticity vector and the axial direction. Ignoring the thin Ekman-type boundary layer on the
rotating disk, the considered vortex structures are very close to be of pure cylindrical form, as will be shown in the following.
Thus, as a good approximation, the dimensionless twist of the helix-like vortex structures is computed as

K r
S=Ia —tang.
T |l

Scaling the twist parameter to the specific geometry of the cavity, in dimensionless form we get the following expression,

Using the definitions given above, the geometrical structure of the vortex lines may be analyzed simply by utilizing the
distribution of the vorticity components as a measure of the pitch or twist. As this approximation is based on the assumption
that the vortices form cylindrical surfaces, it cannot be used to analyze vortex structures with sizable deformed surfaces, such
as the structures of semi-torus shape located near the cylindrical wall. On the other hand, using the vorticity components to
identify geometrical parameters, such as pitch and twist, greatly simplifies the analysis of longitudinal vortex structures. In this
connection it should be noted that the idea of analyzing vortex breakdown using vorticity field transformations is not new. In
various numerical studies on vortex breakdown (e.g. [13,16,30]) the distribution of circumferential vorticity has been used as
a main parameter, and in [29] a feedback mechanism based on the redistribution from axial to circumferential vorticity was
used to explain the initiation of bubble-tyjpeeakdown of swirl flows in tubes. However, using the concept of helicity of the
vortex lines as a main parameter for studying vortex breakdown is new and the primary objective of the present work. In the
next section we analyze the influence of changes in helical symmetry and twist of vortex lines to define conditions for vortex
breakdown and the appearance of re-circulating bubbles.

4, Resultsand discussion

To cover a broad range of parameter values, the flow was computed at three aspedt rating,5, and 2, and at sev-
eral Reynolds numbers, starting with a basic flow topology without re-circulating bubbles. In accordance with the bifurcation
diagram of flow patterns [27], the studied flow regime lies in the domain where the basic change of the flow topology is
characterized by the appearance of a single axial re-ctionlaone with a weak reverse flow along the cylindrical axis.

In order to simplify the comparison of flow patterns and vortex characteristics the results are presented in tables. The first
column of the tables gives the meridional intersection of the vortex structures of the central vortex tube, marked by different
line types. Here a thin solid line designates the surface of the vortex structure near the axis, whereas a thick solid line shows the
location of the outer surface of the longitudinal vortex structure. In between the two solid lines, dashed and dotted lines show
the distribution of the vortex surfaces. The second column shows the variation of the twist paridnaéteg vortex tubes,
designated by the same type of lines. The last two columns depict the changes in flow pattern by showing axial velocity profiles
and streamlines in a meridional intersection, respectively.

Three different flow regimes are shown in the tables. In Table 1 is shown flow cases th&eha topology diagram is
located in regions without re-circulating bubbles. Table 2 presents results from computations close to bubble generation, and
in Table 3 is shown results from computations in which re-circulating bubbles are generated. At the lowest Reynolds numbers
(Table 1) the flow regimes indicate the existence of a right-handed helical vortardK positive) in the upper half part
of the cylinder. Please note that, as seen from the rotating disks, the flow in the lower half part is identical to the one in the
upper half part. For the flow cases treated in Table 1 jet-like profiles of axial velocity, pointing towards the rotating disks, are
formed as a superposition of the central vortex structure and the peripheral deformed vortex semi-rings. By iriReeasing
can observe a transition from a right-handed to a left-haneéég-like symmetry in the upper half part of the cylindegr é&nd
K now become negative). In Table 2 this observation is demonstrated for flows where a bubble is just about to be formed. The
change in helical symmetry leads to the appearance of a dent in the jet-like profiles of the axial velocity. At increasing Reynolds
numbers (Table 3) the twist paramekerand the size of the dent increases further, resulting in flow reversal at the center axis.

It is noteworthy that, independent of aspect ratio and Reynolds number, the appearance of flows with jet-like profiles is always
associated with a change in helical symmetry of the centrabxastructure (from right-handed to left-handed) and that the
value of the twist parameter at the point where flow reversal takes place is given as (approximately)

K~0.6 or min(p)~ R/0.6H.

Since this was observed for all the computed flow cases we take it as a necessary, but not sufficient, condition that the creation
of a re-circulating bubble is associated with a change in helical symmetry of the central vortex structure and that the twist
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Table 1

Vortex structure and flow pattern foof's at Reynolds numbers without bubbles

Profiles of the vortex tubes [Twist of vortex lines| Profiles of the axial velocity | Profiles of the stream tubes

Re=150, h=1

Re=300, h=1.5

500, h=2

Re=
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Profiles of the vortex tubes [Twist of vortex lines| Profiles of the axial velocity | Profiles of the stream tubes

ST=94 ‘00L=9°9 T=4 Q011 ="

Vortex structure and flow pattern for flowsReynolds numbers close to bubble generation

Table 2
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Table 3

Vortex structure and flow pattern for flows at Rey#®humbers at which a re-circulating bubble is present

Profiles of the vortex tubes [Twist of vortex lines| Profiles of the axial velocity | Profiles of the stream tubes

(4

Yy ‘0071

=9
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parameter at the point where flow reversal is initiated attains a Wak¥0.6. Furthermore, this seems to be a threshold value
that only can be attained at the center axis inside a re-circulating bubble.

5. Conclusions

In this study numerical solutions of the axisymmetric Navier—Stokes equations were used to examine changes in the helical
symmetry of vortex lines for the case of a steady swirl flow in a cylinder with co-rotating top and bottom.

The computed results demonstrate that the change in axial velocity distribution from a jet-like profile to a wake-like during
vortex breakdown may be explained as a transition from right- to left-handed helical symmetry of the vorticity field. As a main
result, it is found that a necessamgndition of flow reversal or vortex breakdown igtexistence of a left-tmaed helical vortex.

Indeed, only a left-handed helical vortex structure can induce a wake-like axial velocity profile and, hence, it is a necessary
prerequisite for flow reversal in swirl flows.

The computations show that symmetry changes take place at increasing Reynolds numbers and that flow reversal on the
center axis is associated with a growth of the twist parameter of the vortex lines. For all studied flow cases, independent of
aspect ratio and Reynolds number, it was observed that the twist parameter of the central vortex attains &vadOebadt
the point where flow reversal takes place and that this is a threshold value that is not exceeded in any other part of the flow.

Thus, the hypothesis that the change in axial velocity distribution from a jet-like profile to a wake-like during vortex break-
down is associated with a transition of the helical symmetryhédentral vortex structure hagen supported by the analyzed
results of a swirl flow in a closed cylinder with co-rotating top and bottom.
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