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Vortex scenario and bubble generation in a cylindrical cavity
with rotating top and bottom
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Abstract

The creation of recirculation bubbles in a steady, viscous flow in a cylindrical cavity with co-rotating top and bot
investigated numerically. By varying the Reynolds number and the aspect ratio of the cylinder various axial-symme
regimes are studied. It is observed that the topology of re-circulating vortex structures is associated with a change
symmetry of the vortex lines. The computations show that symmetry changes take place at increasing Reynolds num
that flow reversal on the center axis is associated with a growth of the twist parameter of the vortex lines. For all stud
cases, independent of aspect ratio and Reynolds number, it was observed that the twist parameter of the central vorte
threshold value ofK ∼= 0.6 at the point where flow reversal takes place.
 2004 Elsevier SAS. All rights reserved.
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List of notations

2πl pitch of vortex lines (m)
H height of a cylinder (m)
R radius of a cylinder (m)
Re Reynolds number
(r, θ, z) cylindrical coordinate system (m, rad, m)
p dimensionless local helical pitch of vortex lines
(ur ,uθ ,uz) velocity components (m/s)

Greek letters

K = 1/p dimensionless local twist parameter of vortex lines
Ω angular velocities (1/s)
ν kinematics viscosity of a fluid (m2/s)
ωr radial component of a vorticity (1/s)
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ωθ azimuthal component of a vorticity (1/s)
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1. Introduction

Swirling flows may under certain conditions be subject to abrupt changes associated with flow reversal. This phenome
usually referred to as vortex breakdown, is characterized by a change in flow topology where the flow develops a char
structure of bubble, spiral or double-helix shape, and a change in the distribution of axial velocity, from a jet-like profile
breakdown to a wake-like profile after breakdown (see [1,2]).A feature of vortex breakdown, discovered and analyzed
Okulov and co-workers [3–5], is the existence of a transition from aright-handed to a left-handed helical vortex structure, tha
both exist under the same integral flow parameters (i.e. under the same flow rate, circulation, angular and axial mome
energy). Comparing this theory with a large number of experiments has revealed that vortex breakdown always is a
with a change in helical symmetry from a right-handed vortex structure to a left-handed one. The difference betwee
structures with right- and left-handed helical symmetry implies different signs of torsion or local helical pitch of the
lines. The right-handed helical structures induce a jet-like profile of axial velocity and the left-handed helical structure
a wake-like one, which may be subject to flow reversal on the axis [3,6]. This theory, however, only connects the ba
features before and after breakdown, whereas it does not explain how the change in helical symmetry takes place.
objective of the present study is to analyze in detail how the change in helical symmetry of the vortex lines takes place
defined paraxial flow with vortex breakdown. Unfortunately there is no direct way of predicting vorticity fields experime
Consequently, in the present work direct numerical simulations were used to establish the necessary data. To sim
numerical task, in particular with respect to inflow and outflow boundary conditions, arelatively simple flow configuration wa
established in which a swirling flow was generated by letting the end-walls of a closed cylinder rotate with constant angul
velocity.

Swirl flows in a closed cylinder of the basic configuration with one fixed and one rotating cover have been widely s
The various flow regimes observed in this system are characterized by the appearance of recirculation zones referred t
bubbles, with weak reverse axial flow along the axis. This unique flow phenomenon was first observed experimental
and computational results [11–14] have later confirmed most of the experimentally observed findings. Numerical axisy
simulations not only predict correctly the onset of reverse flow but also reproduce the location, the size, and the nu
bubbles visualized in experiments.

A fundamental aspect of this flow is the question of how the basic state (steady and axisymmetric) breaks the symm
becomes unsteady and/or three-dimensional. This problem has in numerous studies been considered by both two-
dimensional analyses (see e.g. [15–21]). An important results of these analyses is that the creation of recirculation bu
system with one rotating disk is not associated with an instability, but takes place asa smooth topological change of the stead
flow [14,18]. For this reason, in order to understand the basic mechanisms underlying vortex breakdown, the present s
deals with steady and axisymmetric flow cases.

In an earlier numerical study by one of the authors [22], the basic cavity with one rotating cover was used to verify
vortex lines past a re-circulating bubble change helicity from a right- to a left-handed helical vortex structure. In this c
structures of the analyzed vortex tubes were very complex and deformed, hence it was not the most suitable object fo
the relation between changes in helical symmetry and vortex breakdown. In contrast to this, using a cavity flow with
rotating covers, as in the present work, gives a very clear evidence that the appearance of re-circulating bubbles a
linked to a change in the helical structure of the vortex lines. Note that the fluid motion in a cylinder where swirl is ge
by rotating both end-covers (Fig. 1) already has proved to be useful for the study of re-circulating bubbles in swi
[23–26]. A full-scale topological classification of different flow patterns by Brøns et al. [27] was devoted to the case o
with rotating bottom anda free surface. In the case of a flat, i.e. stress-free, surface this corresponds to a symmetric case w
cylinder of double height where the swirl is generated by rotating both the bottom and the top lid with the same angular
The topological apparatus, developed for axisymmetric swirl flow by Brøns [28], was used systematically to extract fea
the flow patterns obtained from numerical simulations to construct the bifurcation diagram for the different flow topolog
richness of the problem is best illustrated by the fact that sixteen different topologies appeared at different regime paramete
of the flow. In spite of the topological complexity, and since the basic change in flow topology from a flow without bub
a flow with a re-circulating bubble cannot beexplained as an instability, the basic mechanisms of the early transition still need
to be clarified. For this reason we restrict the analysis to a configuration in which swirl is generated by rotating the top
bottom lid with the same rotational speed, with parameters set to values corresponding to the axisymmetric regime w
first re-circulating bubble appears.
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Fig. 1. Sketch of the flow domain.

2. Formulation of the problem

Consider a viscous, incompressible, axisymmetric flow in a cylinder of height 2H and radiusR (Fig. 1). The bottom and top
covers rotate with constant angular velocitiesΩ1, Ω2, respectively. Three dimensionless numbers characterizing the pro
are the Reynolds number,Re = Ω1R2/ν, whereν is the kinematic viscosity of the fluid; the aspect ratio,h = H/R, and the
ratio of angular velocities,γ = Ω2/Ω1.

The flow is described using cylindrical coordinates (r, θ, z) with corresponding velocityu = (ur ,uθ ,uz) and vorticityω =
(ωr ,ωθ ,ωz) that only depend onr andz. We introduce arz-plane analogous of the stream function,ψ , and a local circulation
ruθ , as follows:

ur = ∂ψ

r∂z
, uz = − ∂ψ

r∂r
. (1)

ωr = −∂(ruθ )

r∂z
, ωz = ∂(ruθ )

r∂r
. (2)

Hence, the velocity and vorticity fields can be described by the scalar functionψ and the azimuthal components of velocityuθ

and vorticityωθ . Formulated in these variables [11] the system is governed by the two transport equations

∂uθ

∂t
+ ∂(uruθ )

∂r
+ ∂(uzuθ )

∂z
− 2uruθ

r
= 1

Re

[
∂

∂r

(
∂(ruθ )

r∂r

)
+ ∂2uθ

∂z2

]
, (3)

∂ωθ

∂t
+ ∂(urωθ )

∂r
+ ∂(uzωθ )

∂z
− ∂(u2

θ )

r∂z
= 1

Re

[
∂

∂r

(
∂(rωθ )

r∂r

)
+ ∂2ωθ

∂z2

]
, (4)

and the Poisson equation

∂2ψ

∂z2
+ ∂2ψ

∂r2
− ∂ψ

r∂r
= rωθ . (5)

The equations are put into non-dimensional form by scaling length and time withR andΩ1, respectively. The advantage of th
formulation, as compared to the one of primitive variables, is that the pressure is eliminated and that the continuity
is automatically satisfied. Boundary conditions are established from the no-slip assumption of the velocity. For the numeric
simulation we use the finite difference code developed at LIMSI/CNRS [11,12]. The transport equations (3) or (4) are dis
by a second-order central difference scheme and the Poisson equation (5) is discretized to fourth-order accuracy us
point expressions for the derivatives. Previous comparisons of numerical results and experiments for the configurati
fixed cover (γ = 0) showed that simulations with a grid size of 100× 100h mesh points forh � 1 and 100/h × 100 mesh
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Fig. 2. Features of flow in meridional intersection for cylinder withh = 1 and counter-rotation top and bottom atRe = 2000. (a) Profile of
azimuthal velocity; (b) Contours of vortex surface; (c) Profile of axial velocity; (d) Contours of stream surface.

(a) (b) (c) (d)

Fig. 3. Features of flow in meridional intersection for cylinder withh = 1 and co-rotating top and bottom atRe = 2000. (a) Profile of azimutha
velocity; (b) Contours of vortex surface; (c) Profile of axial velocity; (d) Contours of stream surface.

points forh < 1 correctly predict the onset of the reverse flow within experimental accuracy. For further information ab
computing code and the implementation of boundary conditions, see Refs. [11,12,26].

In the present study we have investigated the particular case where the end covers either co- or counter-rotate w
cal and constant angular velocity (γ = ±1). Characteristic properties of counter-rotation are shown in Figs. 2(a)–2(d),
characteristics of co-rotation are depicted in Figs. 3(a)–3(d). At counter-rotation, the axial and azimuthal velocities are equa
to zero at the middle plane (see Figs. 2(a) and 2(c)). The pumping in this case leads to the formation of a purely pr
motion along the cylindrical axis towards the disks (Fig. 2(c)).In Fig. 2(d), contours of the stream-surfaces are in the meridion
intersection seen as two mirror images, consisting of closed and deformed tori. In Figs. 2 and 3, the intensity levels
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Fig. 4. Contours of vortex surface in meridional intersection, structure of vortex lines on central vortex tube, and axial velocity profile induce
by central vortex system in a cylinder withh = 1 and co-rotating top at bottom at (a)Re = 150 and (b)Re = 1300.

surfaces and circulation (referred to as vortex tubes or vortex surfaces) in the meridional intersection are non-uniforml
with different numbersn of the levels determined by

consti = min(B) + [
max(B) − min(B)

] × (i/n)3,

whereB is ψ or ruθ . Profiles of the vortex-surfaces are two mirrored sets from deformed semitori, which encloses eac
and break into disks (Fig. 2(b)). Such a semi-torus of the vortex tube is similar to a vortex semi-ring resting on a disk
Please note that the vortex rings only can induce a purely progressive motion along the axis toward the disks, wherea
not capable of generating re-circulating bubbles.

In the case of co-rotating disks, another flow picture is obtained (see Figs. 3(a)–3(d)). Herethe azimuthal velocities are non
zero in the middle cross-section, and the fluid co-rotates in the upper and the lower half part of the cylinder (Fig. 3(a)). C
of the stream-surfaces in the meridional intersection (Fig. 3(d)) show the appearance of symmetrical bubbles, i.e. rec
zones with weak reverse flow along the cylindrical axis (Fig. 3(c)). In this case the vorticity distribution is easy to descr
Fig. 3(b)). Paraxial vortex tubes akin to enclosed cylinders pass through the whole flow domain in the central part of
and structures of semi-torus shape are located near the cylindrical wall. Pronounced longitudinal vortex structures ap
the flow axis. In the following we analyze the influence from the torsion of these longitudinal vortices on the bubble gen
The iso-curves ofψ andruθ , computed from Eqs. (1)–(5), are defined as the intersection of the axisymmetric stream surfac
and vortex surfaces, respectively, with any meridional plane. Even though the surfaces are axisymmetric, the stream
vortex lines are three-dimensional. This isillustrated in Fig. 4 that shows that even when the longitudinal vortex tubes are pur
axisymmetric they consist of real three-dimensional helical-like vortex lines with non-zero torsion or local helical pitch

3. Right- and left-handed symmetry of the vortex lines

To determine the induced axial flow in swirl flows the three-dimensional structure of the vortex lines is of funda
importance. The difference between vortex lines with right- and left-handed helical symmetry is of special interest as
of local torsion or helical pitch determines the sign of the induced axial velocity (positive pitch defines a right-handed
vortex structure and negative pitch a left-handed one). Recent progress in the study of the vortex structures has revealed
there exists a direct relation between the type of vortex symmetry and the appearance of swirl flow with jet-like or w
velocity profiles [3–6]. To illustrate this, consider the change in the velocity profile during vortex breakdown of an axial slend
vortex in a swirl tube. The experimental velocity profiles before and after breakdown are usually analyzed using the e
relations [1,2],
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Fig. 5. Sketch of the structure of vortex linesin slender vortices before and after breakdownin swirl tube flows, and axial velocity profiles
uind induced by both vortex systems with profiles of additional transversal fluid motion –u0.

uθ = K

r

(
1− exp(−αr2)

)
,

uz = W1 + W2 exp(−αr2) = W1 + W2 − W2
(
1− exp(−αr2)

)
,

(6)

whereK,W1,W2, α are empirical constants. The relations (6) correspond to the analytical solution of the Euler equatio

uθ = Γ

2πr

[
1− exp(−r2/ε2)

]
, uz = u0 − Γ

2πl

[
1− exp(−r2/ε2)

]
, (7)

for a velocity field induced by a columnar helical vortex consisting of three-dimensional helical vortex lines of consta
2πl. The corresponding vorticity distribution in the vortex core is given as

ωz = ωθ l/r = Γ exp(−r2/ε2)/πε2 and ωr = 0, (8)

whereε is the length scale of the vortex core and the radial vorticity component is zero because of the cylindrical form
vortex surface. Comparing the exact solution (7) with the empirical formulae (6) yields,

Γ = 2πK, l = K/W2, u0 = W1 + W2, ε = 1/
√

α. (9)

These formulas give the physical interpretation of the empirical constants and show that a change from a jet-like to a w
axial velocity profile is associated with a change in the sign ofW2 and hereby with a change in the sign of the helical pit
Fig. 5 illustrates how the vortex lines in the columnar vortices before and after breakdown are associated with a change
pitch, from a right-handed structure to a left-handed one. Further it shows that the corresponding axial velocity profile
of a constant axial velocityu0, superposed by a jet-like or a wake-like velocity profileuid. Upstream the breakdown zone t
positive helical pitch induces a jet-like profile and downstream a wake-like profile is induced. This is further confirmed
studies of Okulov and co-workers [3–5], who demonstrated that both left-handed and right-handed vortex structures
under the same integral flow parameters and that there is a good agreement between measurements and analytical r
the concept of helical symmetry. This implies that vortex breakdown of longitudinal vortices may be considered as a t
between different types of helical vortex symmetry.

The theory developed in [3–5], however, only describes the features of the flow before and after vortex breakdow
does not show how the helical symmetry of the vorticity field changes during breakdown, when changing the governin
parameters, and how it relates to the generation of re-circulating bubbles. Obviously, the helical pitch changes con
when changing the model parameters. Thus, a positive value of the helical pitch before breakdown will continuously
formed into a negative value after breakdown. As a measure of the transitional properties of the vortex lines durin
breakdown, we introduce the dimensionless local helical pitch, defined in each point along the vortex tube,

p = 2π
l

r
= 2π

τ

κ
, (10)

wherer is the local radius of the vortex tube andl is the local pitch of the vortex line, with local values of curvatureκ =
r/(r2 + l2) and torsionτ = l/(r2 + l2).

In the present case of a cylindrical cavity with co-rotating lids a pronounced longitudinal vortex structure is forme
the axis, hence making it an ideal case for studying transitional properties of paraxial vortices. Because the rotational speed
the two lids is identical the middle plane (z = 0) forms a symmetry boundary between the two half-planes. For this reason
the upper half part of the cylinder will be considered in the following. To understand how the concept of transition of heli
symmetry works, assume that the disk rotates in the positive direction of the azimuthal coordinate. Then, if a right
helical vortex is created, a jet-like profile induces an additional velocity component along the cylindrical axis that pum
towards the rotating disk (see Fig. 4(a)). Changing the helical symmetry to a left-handed helical vortex (Fig. 4(b)) ind
additional wake-like profile that tends to diminish the axial velocity component, leading to evanescence of the fluid m
the cylindrical axis and to the appearance of reversal flows.

Because of the symmetry the local helical pitch becomes infinity at the symmetry plane (z = 0). To avoid this, instead o
the helical pitch we employ the dimensionless twist of the vortex lines,κ/τ = r/l, as main parameter for studying the helic
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plane. In the case of a pure cylindrical vortex surface the parameter has a simple geometrical interpretation as the tan
angle of inclination,β, between the vorticity vector and the axial direction. Ignoring the thin Ekman-type boundary layer
rotating disk, the considered vortex structures are very close to be of pure cylindrical form, as will be shown in the fo
Thus, as a good approximation, the dimensionless twist of the helix-like vortex structures is computed as

κ

τ
= r

l
≈ ωθ

ωz
= tanβ.

Scaling the twist parameter to the specific geometry of the cavity, in dimensionless form we get the following expressi

K = R

pH
≈ R

2πH

ωθ

ωz
= R

2πH
tanβ.

Using the definitions given above, the geometrical structure of the vortex lines may be analyzed simply by utiliz
distribution of the vorticity components as a measure of the pitch or twist. As this approximation is based on the ass
that the vortices form cylindrical surfaces, it cannot be used to analyze vortex structures with sizable deformed surfa
as the structures of semi-torus shape located near the cylindrical wall. On the other hand, using the vorticity comp
identify geometrical parameters, such as pitch and twist, greatly simplifies the analysis of longitudinal vortex structure
connection it should be noted that the idea of analyzing vortex breakdown using vorticity field transformations is not
various numerical studies on vortex breakdown (e.g. [13,16,30]) the distribution of circumferential vorticity has been
a main parameter, and in [29] a feedback mechanism based on the redistribution from axial to circumferential vorti
used to explain the initiation of bubble-typebreakdown of swirl flows in tubes. However, using the concept of helicity of
vortex lines as a main parameter for studying vortex breakdown is new and the primary objective of the present wor
next section we analyze the influence of changes in helical symmetry and twist of vortex lines to define conditions fo
breakdown and the appearance of re-circulating bubbles.

4. Results and discussion

To cover a broad range of parameter values, the flow was computed at three aspect ratios,h = 1,1.5, and 2, and at sev
eral Reynolds numbers, starting with a basic flow topology without re-circulating bubbles. In accordance with the bifu
diagram of flow patterns [27], the studied flow regime lies in the domain where the basic change of the flow topo
characterized by the appearance of a single axial re-circulation zone with a weak reverse flow along the cylindrical axis.

In order to simplify the comparison of flow patterns and vortex characteristics the results are presented in tables.
column of the tables gives the meridional intersection of the vortex structures of the central vortex tube, marked by
line types. Here a thin solid line designates the surface of the vortex structure near the axis, whereas a thick solid line
location of the outer surface of the longitudinal vortex structure. In between the two solid lines, dashed and dotted lin
the distribution of the vortex surfaces. The second column shows the variation of the twist parameterK along vortex tubes
designated by the same type of lines. The last two columns depict the changes in flow pattern by showing axial velocit
and streamlines in a meridional intersection, respectively.

Three different flow regimes are shown in the tables. In Table 1 is shown flow cases that in a (Re–h) topology diagram is
located in regions without re-circulating bubbles. Table 2 presents results from computations close to bubble genera
in Table 3 is shown results from computations in which re-circulating bubbles are generated. At the lowest Reynolds
(Table 1) the flow regimes indicate the existence of a right-handed helical vortex (p and K positive) in the upper half par
of the cylinder. Please note that, as seen from the rotating disks, the flow in the lower half part is identical to the on
upper half part. For the flow cases treated in Table 1 jet-like profiles of axial velocity, pointing towards the rotating di
formed as a superposition of the central vortex structure and the peripheral deformed vortex semi-rings. By increasinRe one
can observe a transition from a right-handed to a left-handed helix-like symmetry in the upper half part of the cylinder (p and
K now become negative). In Table 2 this observation is demonstrated for flows where a bubble is just about to be form
change in helical symmetry leads to the appearance of a dent in the jet-like profiles of the axial velocity. At increasing R
numbers (Table 3) the twist parameterK and the size of the dent increases further, resulting in flow reversal at the cente
It is noteworthy that, independent of aspect ratio and Reynolds number, the appearance of flows with jet-like profiles i
associated with a change in helical symmetry of the central vortex structure (from right-handed to left-handed) and that
value of the twist parameter at the point where flow reversal takes place is given as (approximately)

K ≈ 0.6 or min(p) ≈ R/0.6H.

Since this was observed for all the computed flow cases we take it as a necessary, but not sufficient, condition that th
of a re-circulating bubble is associated with a change in helical symmetry of the central vortex structure and that
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Table 1

Vortex structure and flow pattern for flows at Reynolds numbers without bubbles
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Table 2

Vortex structure and flow pattern for flows at Reynolds numbers close to bubble generation
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Table 3

Vortex structure and flow pattern for flows at Reynolds numbers at which a re-circulating bubble is present
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he helical

during
a main

.
cessary

sal on the
ndent of

flow.
break-
ed

, and the

2 (10)

es, in:

x-

n-
gs-

o-

2.
mer.

.

)

78.
id

0

that only can be attained at the center axis inside a re-circulating bubble.

5. Conclusions

In this study numerical solutions of the axisymmetric Navier–Stokes equations were used to examine changes in t
symmetry of vortex lines for the case of a steady swirl flow in a cylinder with co-rotating top and bottom.

The computed results demonstrate that the change in axial velocity distribution from a jet-like profile to a wake-like
vortex breakdown may be explained as a transition from right- to left-handed helical symmetry of the vorticity field. As
result, it is found that a necessarycondition of flow reversal or vortex breakdown is the existence of a left-handed helical vortex
Indeed, only a left-handed helical vortex structure can induce a wake-like axial velocity profile and, hence, it is a ne
prerequisite for flow reversal in swirl flows.

The computations show that symmetry changes take place at increasing Reynolds numbers and that flow rever
center axis is associated with a growth of the twist parameter of the vortex lines. For all studied flow cases, indepe
aspect ratio and Reynolds number, it was observed that the twist parameter of the central vortex attains a value ofK ∼= 0.6 at
the point where flow reversal takes place and that this is a threshold value that is not exceeded in any other part of the

Thus, the hypothesis that the change in axial velocity distribution from a jet-like profile to a wake-like during vortex
down is associated with a transition of the helical symmetry in the central vortex structure hasbeen supported by the analyz
results of a swirl flow in a closed cylinder with co-rotating top and bottom.
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